Abstract. We treat two quite different problems related to changes of complex structures on Kähler manifolds by using global geometric method. First, by using operators from Hodge theory on compact Kähler manifold, we present a closed explicit extension formula for holomorphic canonical forms in different complex structures. As applications, we give a closed explicit formula for certain canonical sections of Hodge bundles on marked and polarized moduli spaces of projective manifolds, and provide a closed explicit extension formula for holomorphic pluricanonical forms under certain natural conditions. Second, by using the operators in L 2 -Hodge theory on Poincaré disk, we present a simple and unified method to solve the Beltrami equations with measurable coefficients for quasi-conformal maps.
Introduction
Let M be a complex manifold of complex dimension dim C M = n, and ϕ is a Beltrami differential which is a tangent bundle valued (0, 1)-form in A 0,1 (M, T 1,0 M). See Section 2.2 for a detailed discussion of complex structures and Beltrami differentials. If the Beltrami differential ϕ is integrable in the sense that ∂ϕ = 1 2 [ϕ, ϕ], then ϕ determines a new complex structure on M, denoted by M ϕ . Given any differential form σ on M, let us denote by ϕ σ = i ϕ σ = ϕσ the natural contraction morphism throughout this paper, and we define a map
Then ρ ϕ gives a bijection from A n,0 (M) to A n,0 (M ϕ ). Therefore, given a smooth (n, 0)-form Ω on complex manifold M, ρ ϕ (Ω) is a (n, 0)-form on M ϕ . We will show that ρ ϕ (Ω) = e iϕ Ω is holomorphic on M ϕ if and only if ∂Ω + ∂(ϕ Ω) = 0. (1.2) In this paper we present a global geometric method to study the changes of complex structures on Kähler manifolds and discuss the related geometric and analytic applications without using the local deformation theory as developed by Kodaira-Spencer. The following is a brief outline of the method and main results of the paper.
1.1. Extension formula for holomorphic canonical forms on compact Kähler manifold. We consider compact Kähler manifold (M, ω) of complex dimension n with Kähler form ω. Let ϕ ∈ A 0,1 (M, T 1,0 M) be an integrable Beltrami differential. Given a holomorphic (n, 0)-form Ω 0 on M, i.e. a holomorphic section of the canonical bundle K M , our first goal is to construct a holomorphic (n, 0)-form Ω(ϕ) on M ϕ , such that Ω(0) = Ω 0 . We construct such Ω(ϕ) from the solution of extension equation (1.2), which will be solved by using Hodge theory on (M, ω).
More precisely, we introduce the operator
where d = ∂ + ∂, with ∂ and ∂ the (1, 0) and (0, 1) differentials, ∂ * and ∂ * the corresponding adjoint operators, and G denotes the Green operator of the Laplacian operator ∂ . Then we will show that, for any g ∈ A p,q (M),
where · denotes the L 2 -norm induced by the Kähler metric ω. (1.3) implies that T is an operator of norm ||T || ≤ 1 on the Hilbert space of L 2 -forms. Let ϕ be a Beltrami differential with L ∞ -norm ||ϕ|| ∞ < 1, then as a corollary we see that the operator I + T ϕ is invertible, where ϕ is considered as a contraction operator on the Hilbert space of L 2 -forms. We will show in Section 4 that Ω = (I + T ϕ) −1 Ω 0 is a solution to the equation (1.2) . Then, we obtain Theorem 1.1. Given an integrable Beltrami differential ϕ such that the L ∞ -norm ||ϕ|| ∞ < 1, and any holomorphic (n, 0)-form Ω 0 on M, then
is a holomorphic (n, 0)-form on M ϕ . In particular, Ω(0) = Ω 0 .
Therefore, (1.4) is the explicit closed extension formula which we are looking for. Note that the above construction is global in the sense that it does not depend on the local deformation theory of Kodaira-Spencer and Kuranishi. On the other hand, Theorem 1.1 can be applied to the integrable Beltrami differential ϕ(t) constructed from the Kodaira-Spencer-Kuranishi deformation theory with |t| ≤ ε small, such that ϕ(t) ∞ < 1. Corollary 1.2. Let π : X → ∆ ε ⊂ C m be the Kuranishi family of compact Kähler manifolds with M t = π −1 (t) = M ϕ(t) , where t ∈ ∆ ε . Given any holomorphic (n, 0)-form Ω 0 ∈ A n,0 (M 0 ), we have that
is a holomorphic (n, 0)-form on M t , where we denote by ρ t = ρ ϕ(t) . In particular, Ω(0) = Ω 0 .
Remark 1.3. By the construction of the integrable Beltrami differential ϕ(t) in Kodaira-Spencer-Kuranishi deformaiton theory [18] , ϕ(t) = µ≥1 ϕ µ (t), with ϕ 1 (t) = m i=1 η i t i , where {η i } is a basis for the harmonic space H 1 (M, T 1,0 M). Now the holomorphic (n, 0) form on M t is given by Ω(t), whose first two terms are
From (1.5), one can easily derive the curvature formula of the L 2 metric on the corresponding Hodge bundle.
1.2.
Closed formula for canonical section of Hodge bundle. We then consider certain global canonical sections of holomorphic forms on the moduli spaces of marked and polarized projective manifolds of complex dimension n. Fixing a base point M in the moduli space M of marked and polarized projective manifolds of complex dimension n, let ω 0 be a Kähler form on M. Here we only consider the connected component of the moduli space containing M. Note that the de Rham cohomology group gives us a trivial bundle H n (M) on M induced by the markings.
We will show that if the complex structure of any other point M 1 in M can be tamed by the same Kähler form ω 0 considered as a symplectic form, then there is a natural construction of Beltrami differential ϕ on M with its L ∞ -norm ||ϕ|| ∞ < 1, such that M 1 = M ϕ . By using a theorem of Moser [19] and the above operator T from Hodge theory on M, we can deduce the following result which gives a closed formula of a canonical section of the Hodge bundle of holomorphic n-forms on M. Theorem 1.4. Given a point (M, ω 0 ) in the marked and polarized moduli space M and a holomorphic n-form s 0 on M, there is a canonical section s of the Hodge bundle H n,0 , such that for any point M 1 in M, the de Rham cohomology class of s in H n (M 1 ) is represented by
where ϕ is the Beltrami differential associated to M 1 , and T = ∂ * G∂ is the operator of the Hodge theory on M with Kähler metric ω 0 .
1.3.
Extension formula for pluricanonical form. Next we generalize the previous method to construct the extensions of pluricanonical forms. Let (M, ω) be a compact Kähler manifold of complex dimension dim C M = n with Kähler form ω, and ϕ ∈ A 0,1 (M, T 1,0 M) be an integrable Beltrami differential. Let m ≥ 2 be a fixed integer. We consider a pluricanonical form σ 0 which is a holomorphic section of K ⊗m M over M, where K M denotes the canonical line bundle of M. An important question is how to construct the pluricanonical forms σ(ϕ) on M ϕ , such that σ(0) = σ 0 . In fact, for projective manifolds, the existence of extension was proved by Y.-T. Siu. In general there is a famous conjecture due to Siu [24] , about the invariance of plurigenera for compact Kähler manifolds.
In our approach, Siu's conjecture is reduced to solving the extension equation (6.5) . By using Hodge theory, we provide a closed explicit formula for the solution of this extension equation under certain conditions.
More precisely, let (L, h) be an Hermitian holomorphic line bundle over (M, ω). Let ∇ = ∇ ′ + ∂ be the Chern connection of (L, h) with curvature Θ. We introduce the operator
where G is the Green operator associated to the Laplacian = ∂∂ * + ∂ * ∂.
In particular, we consider the holomorphic line bundle
, where g denotes the Kähler metric matrix associated to the Kähler form ω.
We establish the following result in Section 6.
is a positive line bundle over a compact Kähler manifold (M, ω) with curvature √ −1Θ = ρω for a constant ρ > 0, let ϕ ∈ A 0,1 (M, T 1,0 M) be an integrable Beltrami differential satisfying two conditions divϕ = 0 and L ∞ -norm ϕ ∞ < 1. Then, for any holomorphic pluricanonical
Note that Theorem 1.5 is global in the sense that it does not depend on the local deformation family. Theorem 1.5 can be used to construct the closed extension formula for pluricanonical forms of Kähler-Einstein manifold of general type, see Definition 6.12.
Let π : X → B ε ⊂ C be a holomorphic family of compact Kähler-Einstein manifolds of general type. For t ∈ B ε , we assume
As an application of Theorem 1.5, we obtain
Corollary 1.6 implies the invariance of plurigenera for Kähler-Einstein manifolds of general type, which has been obtained in [25] . Formula (1.6) provides a simple closed explicit formula for the extension of pluricanonical form.
Solving the Beltrami equation.
Beltrami equation is very important in the development of complex analysis and moduli theory of Riemann surfaces. It also has many important applications in other subjects. See, for examples [1] , [4] and [8] .
Given a measurable function µ 0 on the unit disc D ⊂ C, suppose sup |µ 0 | < 1, let µ = µ 0 ∂ ∂z ⊗ dz be a Beltrami differential on D with coordinate z. Recall that solving the Beltrami equation is to find a function f on the unit disc D, such that ∂f = µ∂f.
Our observation is that the Beltrami equation can be solved by using the L 2 -Hodge theory. We will show in Section 7 that the L 2 -Hodge theory holds on disk D with the Poincáre metric ω P . So we also have the operator T = ∂ * G∂
Note that the L ∞ -norm of µ is independent of Hermitian metric on D and is equal to sup |µ 0 |, i.e. µ ∞ < 1. Similarly, we show that for a holomorphic one form h 0 on D, the equation ∂h = −∂µh has a solution h = (I + T µ) −1 h 0 .
As a corollary we can directly get the a solution of the Beltrami equation for any measurable µ 0 . In particular we have,
The rest of this paper is organized as follows. In Section 2, we will first review the basics of operators on differential forms, Beltrami differentials and extension equations which are needed for our discussions. Then in Section 3, we briefly review the Hodge theory on compact Kähler manifold, introduce the operator T and discuss the quasi-isometry formula. In Section 4 we write down and prove a closed formula for extension of holomorphic canonical form on compact Kähler manifold in new complex structures. In Section 5 we present a closed formula for a global canonical section of the Hodge bundle of holomorphic form on moduli space.
In Section 6, we generalize the methods in Sections 3, 4 to construct the closed explicit formula for extension of holomorphic pluricanonical forms under certain conditions. In Section 7 we review and prove a few basic facts of L 2 -Hodge decomposition theory. In particular we will present a general result from [9] that L 2 -Hodge theory holds on the universal cover of a Kähler hyperbolic manifold which is possibly known and of independent interest for other applications, although in this paper we only need the case when the universal cover is the unit ball with standard Poincaré hyperbolic metric. In this section we will also discuss briefly the relationship between the L 2 -Hodge theory and the L 2 -estimate of Hörmander. We show that L 2 -Hodge theory is more general and implies the L 2 -estimate. In Section 8 we apply the results in Section 7 to solve the Beltrami equations. In Section 9 we discuss various applications and extensions of our method.
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Extension equations
In this section, we first review some basic results about the operators on differential forms following [15] . Then we introduce the definitions of Beltrami differentials and integrability condition. We derive the extension equation for constructing the holomorphic canonical form on the new complex manifold M ϕ , which is determined by an integrable Beltrami differential ϕ.
We introduce the contraction operator
as in [15] . If we write
Sometimes, we also use the notations ϕ η = ϕη to denote the contraction i ϕ η alternatively. By definition, we have
which can be decomposed into the sum of two parts
The Lie bracket of ϕ and ϕ ′ is defined by
We have the following generalized Cartan formula [13, 15] which can be proved by direct computations.
Let σ ∈ A * , * (M). By applying the formula (2.1) to σ and considering the types, we immediately obtain
2.2. Beltrami differentials. In this section, M is a complex manifold with dim C M = n, and we denote by X the underlying real manifold of M of real dimension 2n. The associated almost complex structure of the complex manifold M gives a direct sum decomposition of the complexified tangent bundle,
Let J be another almost complex structure on X. Then, J gives another direct sum decomposition,
Denote by
the two projection maps.
Definition 2.2 (cf. Definition 4.2 [10] ). Let J be an almost complex structure on X, we say that J is of finite distance from the given complex structure M on X, if the restriction map
Therefore, if J is of finite distance from M, one can define a map
This map is well-defined since ι 1 | T 1,0 M J is an isomorphism. It is clear that
and their corresponding dual spaces are
In this way, ϕ determines a T 1,0 M-valued (0, 1)-form which is also denoted by ϕ ∈ A 0,1 (M, T 1,0 M) for convenience. By the condition
the transformation matrix
Therefore det(I n − ϕϕ) = 0. In fact, we have Proposition 2.3 (cf. Proposition 4.3 [10] ). There is a bijective correspondence between the set of almost complex structures of finite distance from M and the set of all ϕ ∈ A 0,1 (M, T 1,0 M) such that, at each point p ∈ X, the map ϕϕ does not have eigenvalue 1.
satisfies the condition in Proposition 2.3, we say that ϕ is a Beltrami differential. If ϕ satisfies the integrability condition
we call ϕ an integrable Beltrami differential.
So a Beltrami differential ϕ determines an almost complex structure of finite distance from M. We denote the corresponding almost complex structure (i.e. almost complex manifold) by M ϕ . An integrable Beltrami differential ϕ gives a new complex structure on X by the Newlander-Nirenberg theorem [20] , the corresponding complex manifold is denoted by M ϕ .
Extension equations.
Given a Beltrami differential ϕ, for any x ∈ X, we can pick a local holomorphic coordinate (U, z 1 , ..., z n ) near x. Then by (2.3),
and for any 1 ≤ p ≤ n,
Considering the operator e iϕ defined by formula (1.1), through a straightforward computation we obtain
is a bijection. By the generalized Cartan formula (2.1), it follows that
Substituting η with i ϕ η in (2.5), we obtain
Then by induction, we immediately have
Through a straightforward computation, it is easy to show that
Proof. By a straightforward computation, we have ∂i ϕ − i ϕ ∂ = i ∂ϕ . Then Corollary 2.6 follows directly from the integrability of ϕ, i.e. ∂ϕ = 1 2
In particular, we have
Remark 2.8. Equation (2.7) is called the extension equation whose solution can be used to construct the extensions of holomorphic (n, 0)-forms from M to M ϕ which will be discussed in detail in Section 4.
Hodge theory and the operator T on compact Kähler manifolds
Let (M, ω) be an n-dimensional compact Kähler manifold with Kähler metric ω, and · be the L 2 -norm on smooth differential forms
, we have the equality of the Laplacians
Let H denotes the orthogonal projection from A p,q (M) to the harmonic space H p,q (M) = ker ∂ , We have Proposition 3.1 (cf. Pages 157-158 [18] ). There exists a bounded operator
Moreover, ∂H = H∂ = 0, ∂ * H = H∂ * = 0. These formulas also hold if we replace the operator ∂ with ∂.
We have the following quasi-isometry formula from [15] .
For reader's convenience, we provide the proof of Theorem 3.2 here.
Proof. The proof follows from the following straightforward computation based on the Hodge theory and the formulas in Proposition 3.1. More precisely, we have
The last inequality holds since the Green operator G is a non-negative operator.
Now we consider the operator
The inequality (3.1) implies that T is an operator of norm less than or equal to 1 in the Hilbert space of L 2 forms. So we have
forms by contraction such that its L ∞ -norm ϕ ∞ < 1, then the operator I + T ϕ is invertible on the Hilbert space of L 2 forms.
Extension of holomorphic canonical form
Let (M, ω) be a compact Kähler manifold with dim C M = n. From the discussions in Section 2.3, we know that, given an integrable Beltrami differential ϕ on M, in order to find an (n, 0)-form Ω on M such that the corresponding
iϕ Ω is holomorphic on M ϕ , we only need to find an (n, 0)-form Ω on M such that Ω satisfies the extension equation
In this section, we show that the equation (4.1) can be solved by using the Hodge theory on (M, ω) reviewed in Section 3.
then Ω is the solution of the equation (4.1).
Proof. We first assume that Ω satisfies the equation Ω = Ω 0 − ∂ * G∂ (ϕ Ω) . We need to show that
In fact, from the formulae in Proposition 3.1, it follows that
Then we have
where in the last equality, we have used (2.2), ∂Ω = 0 and ∂ 2 = 0. By Theorem 3.2 and the condition ||ϕ|| ∞ < 1, we have
Then we get the contradiction Φ 2 < Φ 2 unless Φ = 0. Hence,
Our method in the above proof of Proposition 4.1 is also used in [14] , see Remark 4.6 of [14] .
Conversely, we have Proof. Applying the operator ∂ * G to (4.1), we obtain
From the formulas in Proposition 3.1, it follows that
Let Ω 0 = HΩ, which is a harmonic (n, 0)-form on M, it immediately implies that
Furthermore, it is easy to show that the equation (4.2) has a unique solution. Indeed, if we assume that the equation (4.2) has two different solutions Ω and Ω ′ , i.e. Ω − Ω ′ = 0. Then
By Theorem 3.2, we have
which contradicts to Ω − Ω ′ = 0. By Corollary 3.3, this unique solution of the equation (4.2) is given by
which is a smooth (n, 0)-form since Ω 0 is holomorphic.
In conclusion, we have Theorem 4.3. Given any integrable Beltrami differential ϕ with ϕ ∞ < 1, and any holomorphic (n, 0)-form Ω 0 on M, we have that
Applying Theorem 4.3 to the integrable Beltrami differential ϕ(t) from the local Kodaira-Spencer-Kuranishi deformaiton theory, one can choose t small enough such that ϕ(t) ∞ < 1, we immediately obtain Corollary 4.4. For any holomorphic (n, 0)-form Ω 0 ∈ A n,0 (M), and the Beltrami differential ϕ = ϕ(t) with |t| < ε small, there is a holomorphic (n, 0)-form
5. Closed formulas on marked and polarized moduli spaces 5.1. The moduli space M of marked and polarized manifolds. We refer the reader to [22] for the basic facts on moduli spaces in this section. Let (M, L) be a polarized manifold. The moduli space M 0 of polarized manifolds is the complex analytic space parameterizing the isomorphism class of polarized manifolds with the isomorphism defined by
We fix a lattice Λ with a pairing Q 0 , where Λ is isomorphic to H n (M 0 , Z)/Tor for some M 0 in M 0 and Q 0 is defined by the cup-product. For a polarized manifold (M, L) ∈ M 0 , we define a marking γ as an isometry of the lattices
where Q is the Poincaré pairing.
Recall that a polarized and marked projective manifold is a triple (M, L, γ), where M is a projective manifold, L is a polarization on M, and γ is a marking
We denote by [M, L, γ] the isomorphism class of polarized and marked projective manifolds of (M, L, γ).
The moduli space M of marked and polarized manifolds is the complex analytic space parameterizing the isomorphism class of marked and polarized manifolds. Let X denote the underlying real manifold for M. From the definition we know that the first Chern class c 1 (L) ∈ H 2 (X) is fixed, which we can take to be the Kähler class on M. We will only consider the connected component of the marked moduli space containing M which we still denote by M.
5.2.
Closed explicit formula for the global section of holomorphic forms. Now we take two distinct points in M whose corresponding fibers are M 0 and M 1 . Let X be the background smooth manifold. Denote the corresponding Kähler form on M 0 and M 1 by ω 0 and ω 1 respectively, which we consider as symplectic forms on X. Since
by Theorem 2 of Moser in [19] , we know that there exists a continuous family of diffeomorphisms f t of X with t ∈ [0, 1] and f 0 = id, such that ω t = f * t ω 0 and f * 1 ω 0 = ω 1 . Therefore by pulling back the complex structure and ω 1 using f −1 t , we may assume that, considered as a symplectic form, M 1 also has Kähler form ω 0 . 
Proof. First note that on the moduli space with markings, the de Rham cohomology groups H n (M 1 ) is canonically identified to H n (M) which is independent of the point M 1 in M. Second, since we will construct the de Rham cohomology classes in H n (M) of the holomorphic forms, and the de Rham cohomology class is independent of continuous diffeomorphisms, therefore by the above discussion using Moser's theorem in [19] , we may assume that M and M 1 have the same symepletic form ω 0 . By the following Lemma 5.2, we know that associated to the complex structure on M 1 , there exists the Beltrami differential ϕ ∈ A 0,1 (M, T 1,0 M), with ||ϕ|| ∞ < 1, where the norm is taken with respect to the metric ω 0 on M.
From Corollary 4.3, since ||ϕ|| ∞ < 1 on M, we deduce that given the holomorphic n-form s 0 , there exists the holomorphic n-form
on M 1 . Note that, considered as de Rham cohomology class, the above formula is independent of the continuous diffeomorphisms used in the Moser theorem to identify the Kähler form ω 1 on M 1 to the Kähler form ω 0 on M, both considered as symplectic forms. Therefore, as de Rham cohomology classes, the formula holds on the marked and polarized moduli space M. 
be the corresponding projection maps.
We let (M, ω) be any Kähler manifold, let g be the corresponding Kähler metric, let J be the complex structure and let p ∈ M be a point. Then for any vector v ∈ T 1,0 p M such that v = 0, we know that
Since ω is skew-symmetric, we have that
which is a contradiction. Thus we know that v 1 = 0 which implies that
is a linear isomorphism. Thus, the integrable almost complex structure M 1 is of finite distance from M 0 . By the discussion in Section 2.2, the integrable almost complex structure M 1 gives an integrable Beltrami differential
where the norm is measured with respect to the Kähler metric on M 0 . This inequality holds at each point in X. Then the inequality (5.2) tells us that the norm of ϕ is pointwise less than 1, which implies that the L ∞ -norm of ϕ, 
Extension of pluricanonical forms
In Section 4, we have presented a closed explicit extension formula for the holomorphic (n, 0)-form (i.e. canonical form) over compact Kähler manifolds. In this section, we generalize the method used in Section 4 to construct a closed explicit extension formula for the pluricanonical form. Actually, it is closely related to Siu's conjecture of the invariance of plurigenera for compact Kähler manifolds [24] .
The following Sections 6.1, 6.2, 6.3 can be read by comparing with Sections 2, 3, 4 respectively. In Section 6.4, we present a closed explicit formula for the extension of pluricanonical forms over the Kähler-Einstein manifolds of general type. . For a L Mvalued (n, 0)-form σ on M, we can deform it via the complex structures ϕ. We define the map
as follows. For any x ∈ M, one can pick a local holomorphic coordinate system {z 1 , ..., z n } near x, we write the integrable Beltrami differential ϕ as
Let {w 1 , ..., w n } be a local holomorphic coordinate system of M ϕ . Then
by the definition of the Beltrami differential ϕ. Indeed, if we let a = (a ij ) = (∂ j w i ) and a −1 = (a ij ), then
Hence, the formula (6.1) can be rewritten as
Proof. Since a local smooth function h is holomorphic on M ϕ if and only if ∂h = ϕ (∂h), i.e. for j = 1, ..., n,
which is equivalent to
by a straightforward computation.
We claim that
In fact, we have
which gives (6.4). Therefore, substituting (6.4) into (6.3), we obtain (6.2).
Let D = D ′ + ∂ be the Chern connection of the holomorphic bundle T 1,0 M over M. The connection matrix is given by θ = (∂gg −1 ), where g = (g ij ) denotes the Kähler metric matrix associated to the Kähler form ω. We define 
by a straightforward computation. We have
We also have
Therefore, identity (6.5) follows from Lemma 6.1. 6.2. Bundle-valued quasi-isometry over compact Kähler manifold. In this section, we review the bundle-valued quasi-isometry formula obtained in [15] . Let (E, h) be a Hermitian holomorphic vector bundle over the compact Kähler manifold (M, ω) and ∇ = ∇ ′ + ∂ be the Chern connection of (E, h). With respect to metrics on E and X, we set
Accordingly, we have the Green operator G (resp. G ′ ) and harmonic projection H (resp. H ′ ) in the Hodge decomposition corresponding to (resp. ). We have
be the local holomorphic coordinates on M and {e α } r α=1 be a local frame of E. Let h = (h αβ ) where h αβ = h(e α , e β ), and the inverse matrix h −1 = (h αβ ). By the curvature formula of Chern connection Θ = ∂(∂hh −1 ), we obtain
, we define the Chern-Ricci form of (E, h) by
In particular, when E = T 1,0 M, the corresponding Chern-Ricci form is given by
h γβ , we obtain
Definition 6.4. An Hermitian vector bundle (E, h) is said to be semi-Nakano positive (resp. Nakano-positive), if for any non-zero vector
In particular, for a line bundle, we say that it is positive, if it is Nakano-positive. 
For reader's convenience, we provide the proof of Proposition 6.5 here.
Proof. By the well-known Bochner-Kodaira-Nakano identity
by H ′ (∇ ′ f ) = 0 and the Hodge decomposition for ∇ ′ f . Then
Therefore,
We introduce the operator
The quasi-isometry formula (6.6) implies that T ∇ ′ is an operator of norm less than or equal to 1 in the L 2 Hilbert space of the L-valued forms. So we have In particular, if (M, ω) is a Kähler-Einstein manifold of general type as defined in Definition 6.12, i.e. Ric(ω) = −ω, then we have √ −1Θ = 2(m − 1)ω.
6.3. Solving the extension equation. As discussed in Section 6.1, in order to construct an extension pluricanonical form over M ϕ , we need to solve the extension equation (6.5) .
Before going further, we need the following lemma.
then we have the identity:
Proof. Locally, we write ϕ = ϕ
For brevity, we introduce the notations dZ = dz 1 ∧ · · · ∧ dz n and dZ
where the hat indicates that the corresponding term is to be dropped.
By the computations in the proof of Proposition 6.2, we have
On the other hand side, since
we have
Since ϕ is integrable, i.e. ∂ϕ = 1 2
[ϕ, ϕ], we obtain
Comparing the two expressions in formulae (6.10) and (6.11), we finally obtain the identity (6.9). Proposition 6.9. Suppose that (L M , h ω ) is a positive line bundle over a compact Kähler manifold (M, ω) with √ −1Θ = ρω for a constant ρ > 0, let ϕ ∈ A 0,1 (M, T 1,0 M) be an integrable Beltrami differential which satisfies the conditions that divϕ = 0 and L ∞ -norm ϕ ∞ < 1. Then for any holomorphic
, a solution of the following equation
is also a solution of the equation
satisfies the equation (6.12). First, by using the positivity condition for L M , we have
, then under the condition divϕ = 0, we obtain
by Lemma 6.8. Therefore
By quasi-isometry formula (6.6) and the condition ||ϕ|| ∞ < 1, we have
we get the contradiction Φ 2 < Φ 2 unless Φ = 0. Hence,
is semi-positive, we can obtain the same conclusion as in Proposition 6.9, if we substitute the global condition ϕ ∞ < 1 by requiring that ϕ (under the Hölder norm as in [18] ) is small enough. We leave the further discussion of the extension equation (6.5) to another paper.
By Corollary 6.6, it is easy to see that the equation
has a unique solution given by
In conclusion, we obtain Theorem 6.11. Suppose that (L M , h ω ) is a positive line bundle over a compact Kähler manifold (M, ω) with curvature √ −1Θ = ρω for a constant ρ > 0, let ϕ ∈ A 0,1 (M, T 1,0 M) be an integrable Beltrami differential satisfying the two conditions divϕ = 0 and L ∞ -norm ϕ ∞ < 1. Then, given any holomorphic pluricanonical form σ 0 ∈ A n,0 (M, L M ), we have that
Theorem 6.11 gives a closed formula for the extension of pluricanonical forms. Note that the above construction is global in the sense that it does not depend on the local deformation theory of Kodaira-Spencer and Kuranishi [18] . The application of Theorem 6.11 will be discussed in the following section.
6.4. Extension of puricanonical form over Kähler-Einstein manifold of general type. The invariance of plurigenera for Kähler-Einstein manifold of general type has already been known, see for example [25] . Here we derive an explicit and closed formula as a direct application of Theorem 6.11.
Let (M, ω) be a Kähler manifold. Denote the associated Kähler form by
The corresponding Chern-Ricci form Ric(ω) is given by
Definition 6.12. We say (M, ω) is a Kähler-Einstein manifold of general type if Ric(ω) = −ω.
In the following discussion, we assume that (M, ω) is a Kähler-Einstein manifold of general type. 
where ∂, ∂ * are the operators on M 0 and ∂ * is defined with respect to the Kähler-Einstein metric g 0 . We can choose ǫ small enough, such that ϕ(t) ∞ < 1.
be the holomorphic line bundle over M 0 , and the corresponding Hermitian metric be given by h 0 = (det g 0 ) −(m−1) . Let ∇ = ∇ ′ + ∂ be the Chern connection of (L M 0 , h 0 ). We have that √ −1Θ = −2(m − 1)Ric(ω 0 ) by formula (6.7). Recall the operator T ∇ ′ = ∂ * G∇ ′ we introduced.
Corollary 6.14. Given any holomorphic pluricanonical form
is a holomorphic pluricanonical form in A n,0 (M t , L Mt ) with σ(0) = σ 0 , where
Proof. Since (M 0 , ω 0 ) is Kähler-Einstein of general type, i.e. Ric(ω 0 ) = −ω 0 . Hence
is a line bundle which satisfies the conditions in Theorem 6.11. Then Corollary 6.14 followed by Theorem 6.11 and Proposition 6.13. If we define ∆ :
Then we have the following existence theorem for the Green operator of the operator ∆, as given in [11] . We summarize it here for reader's convenience.
Proposition 7.1. Let S, T and ∆ be as above, and suppose that both Im(S) and Im(T ) are closed. Denoting Ker(∆) by H, we have the folllowing:
(3) Denoting by P H the projection operator: H 2 → H, the Green operator
is well-defined and bounded.
7.2.
Kähler hyperbolicity and L 2 -Hodge theory. Let M be a compact Kähler manifold with a Kähler form ω. Let π : M → M be the universal cover of M. Then M is called Kähler hyperbolic as defined in [9] , if
with L ∞ -norm α ∞ finite under the metric π * ω on M . We are interested in the L 2 -cohomology on M with the metric ω = π * ω. Proof. This follows from the estimates in Theorem 1.4.A in [9] . Indeed, let △ denote one of the three Laplacians
Then the estimates in Theorem 1.4.A in [9] gives us that, for any L 2 -form ψ that is orthogonal to the harmonic forms, we have ψ, △ψ ≥ λ 2 0 ψ, ψ where λ 0 is a strictly positive constant which only depends on the dimension of M and the bound on α.
Since ω is a complete metric, as discussed in Appendix C in [2] , we know that 
which implies that complete Hodge decomposition theory holds for the L 2 cohomology on X with the metric ω = π * ω. ∂ G = G ∂ = Id − H, HG = GH = 0, Therefore we have the following quasi-isometry formula in L 2 -Hodge theory. Its proof is completely the same as in the case for compact Kähler manifold as given in Section 3.
We consider the operator
Hodge theory. Then Corollary 7.4 tells us that T is an operator of norm less than or equal to 1, in the Hilbert space of L 2 -forms. So we have the following Corollary 7.5. On the complete Kähler manifold ( M, ω) discussed above, let ϕ be a Beltrami differential acting on the Hilbert space of L 2 -forms by contraction such that its L ∞ -norm ||ϕ|| ∞ < 1, then the operator I + T ϕ is invertible.
Relation to L
2 -estimates. We give a brief discussion of the results in this section to the L 2 -estimates of Hömander. We believe that this point of view is more geometric and will be useful in studying the optimal constants in L 2 -estimate problems. This subsection is independent of the rest of this article. We consider a complete Kähler manifold M with a holomorphic vector bundle E. First note that the same argument of this section, applied to a bundle version of L 2 -Hodge theory, shows that
See [15] for the case of compact Kähler manifold. Here we have used the identity ∂∂ * Gg, Gg = ∂ Gg, g − ∂ * ∂Gg, g = Gg, g − Hg, Hg − G∂g, G∂g to derive the above inequality. From this we see that if ∂g = 0 and Hg = 0, then f = ∂ * Gg solves the equation ∂f = g with L 2 -estimate. From these we can see the interesting relation to the L 2 -estimate of Hörmander in solving the ∂-equation ∂f = g.
Furthermore the curvature condition on the vector bundle E in Hörmander's L 2 -estimate and the Bochner-Kodaira-Nakano identity imply that ∂ g, g ≥ Ag, g with a constant A > 0 which implies that, if the metric is complete, L 2 -Hodge theory holds by the same argument as the proof of Lemma 7.2, and in the meantime gives us the needed L 2 -estimate
We refer the reader to [7] for details about Hömander's L 2 -estimates.
Solving the Beltrami equations
In this section we will apply L 2 -Hodge theory on the unit disc to solve the classical Beltrami equations for quasi-conformal maps as discussed in [1] , [4] and [8] . The problem of solving the Beltrami equations has a long history in geometry and analysis, and it has important applications in complex and analytic geometry. Many methods have been developed for solving such equations. For some of its many important applications, see [3] . We will show that Hodge theory method gives a much simpler way to solve these equations. Our method can be viewed as a more geometric way to treat these equations.
Recall that the Beltrami equation is to solve for a function f : D → C where D is a unit disc in the complex plane, such that
Here z is the variable in D and µ 0 is some function on D with sup |µ 0 | < 1. Let µ = µ 0 ∂ ∂z ⊗ dz, we can rewrite the Beltrami equation in our familiar form, ∂f = µ∂f.
We will assume that µ is measurable, or equivalently µ 0 is a measurable function.
Let us consider the unit disc D with the standard Poincaré metric ω P of curvature −1, which clearly satisfies the condition in Lemma 7.2. Therefore, L 2 -Hodge theory holds on (D, ω P ). First note that the L ∞ -norm of µ with the Poincaré metric is actually the same as its L ∞ -norm with the Euclidean metric on D, therefore is the same as sup |µ 0 | where the supremum is taken on the unit disc D. Also note that the L 2 -norm of a holomorphic one form on D is independent of the Hermitian metric on D. These are crucial for our applications of L 2 -Hodge theory on D. We have the following result for measurable µ or µ 0 . Proposition 8.1. Assume that the L ∞ -norm of µ, ||µ|| ∞ < 1. Then given any holomorphic one form h 0 on D, the equation Here µ as above is a simplified notation for the contraction operator µ . Applying operator ∂ * G and Hodge theory to both sides, we get By Corollary 7.5, we know that when the L ∞ -norm of µ, ||µ|| ∞ < 1, the operator (I + T µ) is invertible. Let
Then it is an easy exercise to check directly that h = h 0 + h 1 is the same as formula (8.2) which gives a solution of Equation (8.1) which is a closed formula. Indeed, since h = h 0 + h 1 is a (1, 0)-form, and (I + T µ)h 1 = −T µh 0 which is
We have ∂T µh = ∂∂ * G∂µh = ∂ G∂µh = (I − H)∂µh = ∂µh.
Then ∂h 1 = −∂µ(h 0 + h 1 ) = −∂µh 0 − ∂µh 1 which can be rewritten as ∂h = −∂µh. According to Poincaré lemma, there is a function w of regularity C k+1 on D, such that e iµ h = dw = ∂w + ∂w.
Since e iµ h = h + µh,
by considering the types, we obtain h = ∂w and µh = ∂w.
Therefore ∂w = µ∂w.
Generalizations and open questions
Although we only consider holomorphic (n, 0)-forms in this paper, our method also works for a general (p, q)-form σ 0 with dσ 0 = 0. In this case, the equation for an extension is dσ − L 1,0 ϕ σ = 0 as follows from the formula in Corollary 2.6. Our method reduces the equation to the system of equations, ∂σ = 0, ∂σ = −∂(ϕ σ), (9.1) and ρ(σ) = e iϕ σ gives an extension of σ 0 as d closed forms on M ϕ . The closed formula we derive for the extensions of holomorphic forms applies equally well to (p, q)-forms. From this one can give a direct proof of the invariance of Hodge numbers for deformations of compact Kähler manifolds, by showing that any d-closed (p, q)-form always has an extension by using Hodge theory. From this one may also derive a simpler proof of the stability of the deformation of Kähler manifolds. One may compare this approach with [23] . A related challenging problem is to prove the invariance of plurigenera for compact Kähler manifolds [24] by using the method in Section 6, we leave the further discussion of this topic for another paper.
For the case of complete Kähler manifold with Poincaré type metric on a quasi-projective manifold, the results of [6] and [11] tells us that L 2 Hodge decomposition theory holds, therefore we also have similar closed explicit formulas for extensions of (p, q)-forms similar to the formulas for compact Kähler manifold. In particular for Riemann surface with punctures and Poincaré metric of constant negative curvature −1, our method gives closed formulas for extensions and global sections of holomorphic one forms on the Teichmüller or Torelli space of punctured Riemann surfaces.
Since the Green operator is an integral operator, we may also apply the Hodge theory or L 2 -Hodge theory method as discussed in this paper to study various integral formulas and extension formulas in complex analysis, which will supply a unifying geometric treatment of some classical formulas. This will be another interesting topic we hope to study in the future.
